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Miniaturization of electronics to the nanoscale brings new challenges. Because of their small size
and immense information and power processing capacity, large temperature gradients exist across
nanoelectronics and power electronics solder joints. In this paper, a fully coupled
thermomechanical-diffusion model is introduced to study the thermomigration induced strength
degradation. A nonlinear viscoplastic material model with kinematic and isotropic hardening
features is utilized. The model takes into account microstructural evolution of the material. A grain
coarsening capability is built into the model to study its influence on thermomigration in solder
alloys. The model is validated by comparing the simulation results with experimental data. © 2008
American Institute of Physics. DOI: 10.1063/1.2943261
INTRODUCTION
The insatiable demand for higher performance and asso-
ciated miniaturization of electronics progresses approxi-
mately according to Moore’s law. Very-large-scale-
integration VLSI interconnection sizes are continuously
reduced accordingly to enable a higher degree of integration.
By transmitting more data through smaller features, current
density is increased significantly. Another byproduct of high
current density in power electronic devices, especially SiC
based devices that operate at high temperatures, is thermal
gradient due to Joule heating. Both increased current density
and temperature gradients pose major reliability concern es-
pecially for the solder joints of an electronic package. Be-
cause of their very low melting temperature, relative to ser-
vice temperatures, solder alloys are susceptible to high
diffusivity.1–7
Electromigration EM is a mass diffusion process as a
result of an exchange of momentum between charge carrier
free electrons and the ions of a conductor. When a metal is
subject to a high current density, the so-called electron wind
transfers part of the momentum to the atoms or ions of
metal or alloy, which make the atoms or ions move in the
direction of the free electrons. EM causes atomic accumula-
tion and hillock formation in the anode side and vacancy
condensation and void formation in the cathode side.4,5 Both
hillocks and voids will cause degradation of the solder joint.
However, failure is always observed on the void side.
The phenomenon of EM has been known for more than
100 years.8 However, it became a concern only when the
relatively severe conditions resulting from miniaturization of
integrated circuits made it significant. EM occurs only when
current density is above a certain threshold. The increase in
the operating current inevitably causes the current density to
be carried by each solder joint to rise dramatically too.
Therefore, EM has become an inevitably critical reliability
issue for solder joints.
Thermomigration TM is a mass transport caused by a
large temperature gradient. If an initially homogeneous two-
component alloy is placed within a temperature gradient,
above a critical level, mass diffusion can lead to disintegra-
tion of the components. One constituent diffuses faster to the
cold side, and as a result the hot region becomes depleted in
that component. This effect is known as the Soret effect also
Ludwig–Soret effect in fluids.9 This resulting diffusion pro-
cess is known as TM or thermal diffusion.
Historically, the influence of TM on EM has been ig-
nored. This is perhaps because of the assumption that the
magnitude of TM flux is much smaller than EM. Recently
scientists theoretically and experimentally have shown that
when the thermal gradient is large enough, the TM can be the
dominant migration process.1,3,4,10 Ye et al.4 was the first to
show that TM forces can be larger than EM forces in flip
chip solder joints.
In this study, TM effects on lead-free solder joints are
studied both numerically and experimentally. In order to
achieve this objective, a fully coupled thermomechanical-
diffusion analysis is performed with a viscoplastic nonlinear
material model that accounts for microstructural evolution of
the material. High thermal gradients, as high as
1000 °C /cm, are applied to SnAgCu solder joints without
any current flow. In other words, samples in our experiment
are solely subjected to high temperature gradients but no
electrical current in order to study influence of thermal gra-
dient and associated TM without interference from EM and
Joule heating. The vacancy evolution, grain coarsening, and
hardening effects are studied by finite element method. The
numerical results are verified by experimental data.
GOVERNING EQUATIONS
Under high temperature gradients, mass/vacancy diffu-
sion is driven by three forces.
1 Thermal gradient. Joule heating generated under the
conditions of a high electricity current density is highly
localized and consequently results in a thermal gradient
in the medium, which leads to TM.
aAuthor to whom correspondence should be addressed. Electronic mail:
cjb@buffalo.edu.
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2 Stress gradient is another driving force of mass trans-
port. There is a strong interaction between the stress
gradient and the other driving forces. Stress gradient can
counteract or enhance the migration process.11–19 How-
ever, in the absence of an external stress gradient, as the
mass moves from the hot side to cold side, compression
on the cold side and tension on the hot side develops,
which counters the thermal gradient induced force.
3 The atomic vacancy concentration gradient, which is
usually small at the beginning compared to the former
two items,1 however, as the mass migration progresses,
vacancy concentration gradient increases significantly
between the hot side and cold side.
Mass diffusion
TM is a diffusion controlled mass transport process. It is
governed by the following vacancy conservation equation




+ q − G = 0, 1
where CV0 is the equilibrium vacancy concentration in the
absence of a stress field, c is the normalized vacancy con-
centration and c=CV /CV0, CV is the vacancy concentration, t
is the time, and q is the vacancy flux,1,20,21
q = − DVCV0c + ckT2Q*  T + cfkT  sp 2
where DV is the effective vacancy diffusivity, f is the va-
cancy relaxation ratio, ratio of atomic volume to the volume
of a vacancy,  is the atomic volume, k is Boltzmann’s con-
stant, T is the absolute temperature, sp is the spherical part
of stress tensor, sp= trij /3, and Q* is the heat of trans-
port, the isothermal heat transmitted by moving the atom in
the process of jumping a lattice site less the intrinsic en-
thalpy. G is the vacancy generation/annihilation rate
G = − Cv0
c − exp 1 − fspkT 
s
. 3
s is the characteristic vacancy generation/annihilation time.
Force equilibrium
Continuum mechanics equilibrium is given by
 + f = 0. 4
In this study we are primarily interested in solder joints.
Because most electronic solder alloys are above 0.6Tm Tm:
melting temperature, in room temperature, viscoplasticity
must be considered in the nonlinear material model. As a
result the material model must be a coupled
thermomechanical-diffusion model.
The strain-stress constitutive model is established as
 =, ˙ · tot − viscoplastic − diffusion − thermal , 5
where tot is the total strain, viscoplastic is the strain due to
viscoplastic deformation, diffusion is the strain due to TM,
thermal is the strain due to thermal expansion, and  , ˙ is
the tangential constitutive tensor.
Heat transfer




− kh  T − Q = 0, 6
where  is the density of the material, Cp is the specific heat
kh is the coefficient of heat transfer, and Q is the heat gen-
erated within the body, which can be decomposed into two
components,
Q = QP + QV. 7
where QP is the heat generated by plastic deformation at step
n+1 described as
QP = n+1:˙n+1vp , 8
where ˙pl is the plastic strain rate. QV is the heat generated
due to vacancy flux, which can be expressed by
QV = q:Fk, 9
where q is the vacancy flux as shown in Eq. 2 and Fk is the
effective driving force which has the form of
Fk = −  f  sp + Q*T  T + kTc  c . 10
Because ABAQUS and all other commercially available gen-
eral purpose finite element codes do not have the capability
to solve the nonlinear TM problem directly with nonlinear
material properties that account for microstructural evolu-
tion, the governing equations above are implemented by ex-
ploiting ABAQUS user element UEL and user material
UMAT features.
VISCOPLASTICITY MODEL
The strain-stress constitutive model in the absence of
viscosity is established as
 =tot − viscoplastic − diffusion − thermal , 11
where
 = 1  1 + 2I − 131  1 ,
 is the bulk modulus, and  is the shear modulus,
1 = 	
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0










Itemized strain components can be simplified as follows:
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thermal = T − T0 · 1 , 15
where diffusion





=Cv0 f  q + f GCv0 , 16
where f=1− f , which is the volumetric strain at an atomic
lattice site due to a vacancy. In TM induced mass transport, it
is assumed that when an atom vacates a site, due to the
difference between the volume of an atom and the volume of
a vacancy, spherical lattice strain is exerted. This spherical
strain, however, leads to shear strain due to geometric bound-
ary conditions.




=Cv0 GCv0 − f ct 
=Cv0 e1−fspherical/kT − cs − f ct  . 17
Highly viscoplastic behavior with nonlinear kinematic/
isotropic hardening has been observed in microelectronic
solder joints.5 Hence, a rate dependent combined isotropic-
kinematic hardening model is introduced in this paper to
consider the plastic deformation of solder material. Yield
function is defined by22,23
F =  − 23K , 18
where  is the relative deviatoric stress tensor defined by 
=s−X. s is the deviatoric stress tensor and X is the back






− c2X˙ , 19
where c1 is linear kinematic hardening constant and c2 is the
nonlinear kinematic hardening constant.
K represents the isotropic hardening component de-
fining the radius of the yield surface in stress space. It is a
function of the equivalent plastic strain  given by
K =2
3
y + R	1 − e−c , 20
where Y0 is the initial yield stress, R	 is the isotropic hard-
ening saturation value, c is the isotropic hardening rate,  is




 is the consistency parameter.19
CREEP MECHANISM
Grain boundaries play an important role in solder alloy
creep mechanism, which is dominated by a slip and glide
process,22–24 which happens when a shear stress acts on the
grain boundary plane and causes the grains to slide and glide.
This means that fine-grained solder alloys have a poor resis-
tance to creep relative to coarser grained ones, especially at
high temperatures. In this study, this mechanism is consid-
ered to be the dominant one for the primary and steady states
by the viscoplastic model given by Eq. 22.
The viscoplastic model adopted in this paper is the flow
rule for solder alloys, which was developed by Basaran and
co-workers12,23,25 based on the Kashyap and Murty model.26
In this model, grain boundary sliding is the dominant creep












where the material parameters are defined as follows: A is a
dimensionless material parameter to describe the strain rate
sensitivity. D0e−Q/R is a diffusion coefficient, in which D0
is a frequency factor, Q is the creep activation energy for
viscoplastic flow, R is the universal gas constant
=8.314 J /K mol=8.314 N mm /K mol, T is the absolute
temperature in Kelvin, E is Young’s modulus, b is the char-
acteristic length of crystal dislocation magnitude of Burger’s
vector, k is Boltzmann’s constant, d is the average phase
size which will be discussed below, p is the phase size
exponent, and n is the stress exponent for plastic deformation
rate, where 1 /n indicates strain rate sensitivity.
GRAIN SIZE EFFECTS
Basaran and Wen29 have shown that most electronic sol-
der alloys are in thermodynamically unstable state as flown.
Their microstructure and properties evolve during service. It
is well known that24–29 the average grain size gets larger
under thermal loading. The microstructural coarsening is rec-
ognized as one of the most serious problems for solder joint
reliability.
The phase growth model adopted in this paper was sug-
gested by Sayama et al.,28
S = St + Sc, 23
where S is the phase growth parameter increment defined
by S=d4. St is the thermal equilibrium phase growth pa-
rameter increment given by
St = C1t , 24
where C1 is a temperature dependent material parameter, for
solder,27 which has a form of
C1 = 2.16 104 exp− 6.33 103/T . 25
Sc is the strain induced phase growth parameter increment
with the form of
Sc = C2˙ct , 26
where ˙c is the equivalent creep strain rate and C2 is another
material parameter27 given by
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C2 = 6.51 102 exp6.29 102/T . 27
In this paper, microstructural evolution Eq. 23 has
been taken into consideration in the following three pro-
cesses: effective diffusivity Eq. 28, creep mechanism Eq.
22, and yield strength Eqs. 18 and 30. We believe that
this is necessary because as flowed, solder joints are not in
thermodynamically stable state. Their low melting tempera-
ture allows them to easily reduce the grain boundary surface
area by coarsening to reach a lower surface energy level.
Effective diffusivity
The net mass transport in TM is a result of lattice diffu-
sion and grain boundary diffusion. Surface diffusion in sol-
der joints is relatively small compared to other mechanics.
However, the same cannot be said for VLSI interconnects. To
account for both mechanisms, Hart30 has suggested a grain
size dependent apparent diffusivity given by
Da = DL + /dDgb, 28
where Da is the effective atomic diffusivity, DL is the lattice
diffusivity, Dgb is the grain boundary diffusivity, and  /d
represents the fraction of atoms in grain boundaries. Singh31
also showed that at high temperatures  /dDgbDL. He
suggested that Hart’s model can be simplified by ignoring the
lattice diffusion because grain boundary diffusivity is larger
by an order of magnitude,
Da = /dDgb. 29
Yield strength
The dependence of the yield stress on grain size in met-
als is well known.32 It follows that yield stress decreases
with the coarsening of the grain size. The phenomenon is
generally explained by the grain boundary strengthening
theory. The lattice structures of adjacent grains differ in ori-
entation. Therefore it requires more energy for a dislocation
motion to change direction and move from one grain into the
adjacent grain, which has a different crystallographic orien-
tation. Impeding this dislocation motion hinders the initiation
of the slip process and thus increases the yield strength of a
material.
Several models have been proposed to describe this
relationship32–34 in different materials. In a recent
publication,35 Siviour et al. illustrated the mechanical prop-
erties of solder alloys by showing that the dependence of
strength on strain rate for 96.5%Sn–3.5%Ag is much smaller
compared with that for SnPb solder. The latter follows a
Hall–Petch style relationship under a given strain rate. Hence
in our study, the grain size dependence of the material
strength relationship based on the Hall–Petch model is given
by
y = 0 + k1d−1/2 + k2T , 30
where y is the yield stress, 0 is the Hall–Petch constant
that represents the internal resistance to the motion of a dis-
location through the crystal lattice and that is approximately
FIG. 1. Geometry of the test vehicle.
FIG. 2. Front view of the test vehicle. FIG. 3. Thermal loading profile.
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the yield stress of a single crystal, k1 is a constant consider-
ing the impeding effect of grain boundaries on dislocation,
and k2 is a constant showing the dependence of strength on
temperature.
EXPERIMENTAL SETUP
The test vehicle is illustrated in Fig. 1. The lead-free
solder alloy used in this study is commercially available and
TABLE I. Material properties for SAC405 used in this paper.
Item UNIT SAC405
Vacancy relaxation time TS s 1.8010−3a
DiffusivityD m2 s−1 2.7221010b
Resistivity m3 S−3 A−2 Kg 1.521011+3.50108T
Average vacancy relaxation ratio F N/A 0.2a
Atomic volume  m−3 2.7110−11b pure tin
Vacancy concentration at stress free state CV0 m−3 1.107106c
Young modulous cons Kg s m−1 5.77104−56.4Td
Poisson ratio N/A 0.33d
Initial yield stress Kg s m−1 79.98+95 /d−0.2133Te
Coefficient of thermal expansion CTE K−1 18.910−6f
Linear kinematic hardening cons XINFI Kg s m−1 9.63103g
Nonlinear kinematic hardening cons GAMHARD Kg s K−1 m−1 7.25102g
Isotropic hardening rate CHARDI N/A 3.83102g
Dimensionless cons A N/A 7.60109g
Burgers vector B m 3.1810−4h for pure tin
Initial average grain size m 2.45e
Grain size exponent N/A 3.34i
Stress exponent N/A 6.65d
Creep activation energy m2 s−2 Kg mol−1 7.951016d
Heat of transport Q* Kg m2 s−2 −3.6810−8j
Activation energy m2 s−2 Kg 4.8951016b
Density Kg m−3 7.391015k
Specific heat m2 s−2 K−1 2.191014l
Heat conductivity Kg m s−3 K−1 5.73107m
aReference 21.
bReference 7.











FIG. 4. Comparison of the yield strength calculated with measured hardness.
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is composed of 95.5%Sn, 4.0%Ag, and 0.5%Cu SAC 405.
The solder ball joins two copper plates with dimensions of
1838 mm2 and 0.8 mm thick.
The samples are sandwiched between a lower Al block
in contact with a hot plate and an upper Al block in contact
with a thermoelectric cooler, as shown in Fig. 2. Every con-
tact surface is coated with thermal grease to maximize heat
transfer. The open area between plates and between blocks is
insulated to minimize heat radiation and circulating heat
flow. The hot side and cold side temperatures are monitored
with thermocouples and maintained at 160 and 50 °C, re-
spectively, with a margin error of 1 °C. Due to the small
size of solder joints and the associated difficulty in measur-
ing the temperature at the top and bottom of the solder joint,
a heat transfer analysis was done using ABAQUS standard in
order to get the temperature field in the solder ball. In the
finite element analysis FEA heat transfer analysis, thermo-
couple reading temperatures are used as boundary condi-
tions. The FEA results show that in the top and bottom of the
solder joint, temperatures are 155 and 55 °C, respectively,
thus creating a temperature gradient of 1000 °C /cm, which
is large enough to induce TM in solder alloy.
FINITE ELEMENT SIMULATIONS
The proposed model is implemented in the ABAQUS gen-
eral purpose finite element program using thermal-
displacement analysis option. ABAQUS cannot solve the
coupled thermomechanical-diffusion problem directly with
nonlinear material models. By treating ABAQUS as a partial
differential equation solver, we embedded the governing
equations into an ABAQUS user element interface UEL after
discretization for finite element method implementation. The
viscoplastic material behavior, rate dependent coupled isotro-
pic and kinematics hardening model,20 and grain coarsening
related effects are all implemented into an ABAQUS user ma-
terial interface UMAT.
In this simulation, eight-noded quadratic plane strain el-
ements are used to simulate the TM process. At each node
four degrees of freedom are utilized: two for displacements
in the x and y directions, one for normalized vacancy con-
centration, and one for temperature. By taking into consider-
ation that all the mechanical property measurements are done
in the room temperature, a warming up stage and a cooling
down stage are added before the thermal gradient stressing
FIG. 5. Evolution of yield strength along the height of the solder joint.
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phase and after it. Thermal loadings at the top and the bottom
of solder bump are shown in Fig. 3. All the material proper-
ties used in this study are list in Table I.
RESULTS AND DISCUSSION
The hardness of a virgin SAC405 solder joint is mea-
sured in room temperature, shown in series 1 in Fig. 4. The
samples are annealed in a thermal chamber at 170 °C
443 K for 286 h. After annealing the samples are sectioned
and the hardness along the solder height is measured, which
is shown in series 2 in Fig. 4. By comparing series 1 and 2,
it can be seen that the hardness reduces uniformly and sig-
nificantly. The major reason for the hardness reduction is the
grain growth during the heat treatment process. As we know,
the coarsening of the grain leads to the decrease of yield
stress, which has a positive correlation with the hardness
modulus.36
Hardness measurements were conducted by MTS
Nanoindenter with Berkovitch tip using continuous stiffness
measurement features. Details of this process for solder al-
loys was discussed in Ref. 37.
To simulate the same heat treatment process, a uniformly
distributed temperature is applied to the whole section using
ABAQUS, which starts with room temperature 300 K and
gradually rises up to 170 °C 443 K in 1 h as the warming
process in our experiments; after that, temperature across the
whole solder ball is kept at 170 °C 443 K for 300 h; it
follows by a 1 h ramp to cool the solder to room temperature
300 K and keeps at 300 K for another 1 h to avoid prob-
able fluctuations. The residual yield strength across the
height of the solder is depicted as series 5 in Fig. 4. By
comparison with the initial yield strength we used in this
paper,35 as can be seen from series 4 in Fig. 4, we can see
that the annealing effect is well simulated with the model.
Series 3 in Fig. 4 shows the mean hardness and their 1
sigma error range as measured from four samples versus dis-
tance from the cold side top side to hot side bottom side.
All four samples have been subjected to a temperature gra-
dient of 1000 °C /cm for 286 h before they are sectioned to
measure hardness. It can be observed from series 3 that the
hardness shows an increasing trend from the hot side to cold
side. This differential hardness degradation is attributed to
the effect of grain coarsening.
When TM effect is taken into account with microstruc-
tural considerations, simulation produces results much closer
to the experimental data, as plotted in series 6 in Fig. 4.
Figure 4 series 7 curve shows the variation of yield stress
across the solder joint in the absence of TM forces with an
elastic-perfectly plastic material model. From the difference
between series 6 and series 7, we can see that the shift of
yield surface is the result “hardening” due to the TM induced
stress which exceeds the yield stress. In other words, we
observe that TM induced stress is high enough to create a
significant inelastic deformation and associated hardening.
Figure 5 shows the evolution of hardening /softening
along the height of the solder joint with respect to the stress-
ing time. The same information is presented in Fig. 6 using
contours in the solder joints. In Fig. 5, series 1, we only
consider the temperature dependence of the yield strength
but ignore the grain coarsening and viscoplasticity effects.
We observe that the yield strength remains constant during
the thermal gradient TG stressing. Figure 5f shows that
after cooling down, yield strength increases, which is ex-
pected. In Fig. 5, series 2 curves, the variation of yield
strength with respect to grain size is considered but not vis-
coplasticity. As can be observed in these curves, the yield
strength gradually degrades during TG stressing. This rela-
tive degradation between the hot side and cold side is an
irreversible process. After cooling down, yield strength in-
creases along the height of the solder joint. However, the
yield strength in the hot side is much smaller than that in the
cold side because of the mass transport from the hot side to
cold side. In Fig. 5, series 3 curve depicts the data where
grain coarsening and TM induced viscoplasticity are both
taken into consideration. In Fig. 4 we had shown that when
both microstructural evolution and viscoplasticty are consid-
ered in the simulation, the results were closer to the experi-
mental measurements. In Fig. 5 the difference between series
3 and series 2 curves is due to the inclusion of viscoplasticity
in series 3. From Figs. 4 and 5, we can state that both grain
coarsening and viscoplastic deformation happen during the
TM. Grain coarsening keeps softening the material, while the
viscoplastic strain makes the solder material to soften first
and then harden. Therefore, any model for solder alloy TM
must include both grain coarsening and viscoplasticity.
We should point out that on the cold side, experimentally
measured hardness after 286 of TG is far off from computa-
tionally simulated yield stress. We believe that this is due to
our model’s weakness in handling mass immigration induced
hardening in the cold side. In the future models, we intend to
FIG. 6. Yield strength evolution contour map.
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increase hardness as a function of increase in density, which
may give us a better estimate on the cold side. However,
because the failure always initiates at the hot side, we have
not given the same attention to what happens at the cold side.
Figure 7 shows the yield strength evolution as a function
of time during TM experiment. The cold side yield stress first
increases, however, as time passes, the yield strength de-
creases; however on the hot side, decrease in yield stress
starts from the beginning and continues during the experi-
ment.
Figure 8a shows the evolution of the normalized va-
cancy concentration in the middle of the hot side as a func-
tion of TG stressing time. It can be observed that vacancy
accumulates very fast at the first few hours until the three
driving forces balance each other. Mass transport creates a
large stress gradient and a large concentration gradient,
which act opposite to the TG driving force. This results in a
relaxation of vacancy concentration gradient. However, a
highly concentrated vacancy can still be observed after 300 h
of relaxation due to large thermal gradient. Figure 8b
shows the vacancy distribution along the height of the solder
joint in different stages of TM testing.
CONCLUSIONS
A fully coupled thermomechanical-diffusion model with
nonlinear material properties is introduced to study the TM
phenomenon. In order to understand the TM process clearly
and in depth, EM is not included. A nonlinear kinematic/
isotropic hardening viscoplasicity model and grain coarsen-
ing model are taken into consideration. By comparing the
simulation results with experimental data, the model has
been validated.
Grain coarsening effect plays an important role in TM
related phenomenon. Grain size influences TM in three ma-
jor aspects. 1 Grain size is an important factor for mass
diffusion rate. The smaller the grain size is, the faster the
diffusion is. This is probably because of the high grain
boundary surface energy. 2 The creep rate for solder alloys
FIG. 7. Yield strength evolution by TG stressing time.
FIG. 8. Normalized vacancy evolution with TG stressing time.
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highly depends on the grain size. 3 It has been shown that
solder alloys strongly follow the Hall–Petch relationship dur-
ing TM, which means that yield strength degrades with the
grain growth.
In this study, it is observed that the softening due to
grain coarsening is not the only mechanism that determines
degradation of the hardness during TM. It is shown that vis-
coplasticity and microstructural evolution both must be con-
sidered in the model. An important finding of this paper is
that TM induced stresses are well above the yield stress. The
discrepancies between the numerical simulation results and
experimental data on the cold side could be due to poor
modeling of the influence of the mass condensation on ma-
terial yield strength.
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